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Abstract In this paper, numerical solutions of a reaction-diffusion chemotactic model of
fractional orders for bacterial growth will be present. A new solution is constructed in power
series. The fractional derivatives are described in the Caputo sense. We compare the experi-
mental result obtained with those obtained by simulation of the chemotactic model without
fractional derivatives. The results show that the solution continuously depends on the time-
fractional derivative. The resulting solutions spread faster than the classical solutions and
may exhibit asymmetry, depending on the fractional derivative used. We present results of
numerical simulations to illustrate the method, and investigate properties of numerical so-
lutions. The Adomian’s decomposition method (ADM) is used to find the approximate so-
lution of fractional ‘reaction-diffusion chemotactic model. Numerical results show that the
approach is easy to implement and accurate when applied to partial differential equations of
fractional order.

Keywords Adomian’s decomposition method · Bacteria growth · Fractional calculus

1 Introduction

In recent years, fractional derivatives have received considerable interest in recent years. In
many applications, they provide more accurate models of systems under consideration. For
example, they have been used successfully to model frequency dependent damping behavior
of many viscoelastic materials. Other authors have demonstrated applications of fractional
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derivatives in the areas of electrochemical processes [1, 2], dielectric polarization [3], col-
ored noise [4], viscoelastic materials [5–8] and chaos [9]. Mainardi [10] and Rossikhin and
Shitikova [11] presented survey of the application of fractional derivatives, in general to
solid mechanics, and in particular to modeling of viscoelastic damping. Magin [12–14] pre-
sented a three part critical review of applications of fractional calculus in bioengineering.
Applications of fractional derivatives in other fields and related mathematical tools and tech-
niques could be found in [12–22]. In fact, real world processes generally or most likely are
fractional order systems.

The study of pattern formation in bacterial colonies is of particular interest both from
the biological and physical points of view [23]. Growth and development of bacteria pop-
ulation shows a great variety of geometrical shapes. Adler [24, 25] was the first obtained
bacterial population waves in the form of concentric circle. Golding et al. [26] are interested
in the opposite case, where nutrient supply is limited. For a more realistic description of
colonial development on a nutrient-poor surface, they take into account the interaction of
bacteria with the nutrient field s(x, t). Chemotaxis means changes in the movement of the
cell in response to a gradient of certain chemical fields [27–30]. The movement is biased
along the gradient either in the gradient direction or in the opposite direction. Miyata and
Sasaki [31] estimate the distance between spots generated by the bacteria colony model with
chemotactic activity.

Let b(x, t) and s(x, t) be the densities of the active bacteria, and the concentration of
substrate. The classical one-dimensional ‘reaction-diffusion equation model for b and s is
[32]:

∂b

∂t
= ∇ · (Db(b, s)∇b) − ∇ · (bχ(s)∇s) + g(s)b

(1.1)
∂s

∂t
= Ds�s − g(s)b

where Db(b, s) is the nonlinear diffusion coefficient for bacterial cells, Ds is the constant
diffusion coefficient for the substrate, g(s) is function describing the specific rate of bacterial
growth, and χ(s) describing the chemotactic response. The known model of chemotaxis,
developed by Keller and Segel [33], was modified for the case of nonlinear diffusion. The
diffusion coefficient for bacterial cells was not a fixed parameter; but it is a function of the
cell density and the nutrient concentration. It was proposed and studied by Kawasaki et al.
[34], which took Db(b, s) = Dbs. They justify this form by the observation that bacteria are
active mostly at the edge of the colony—the only area where there is high amount of bacteria
and food. Their model, too, exhibits branching shapes. This is due to the b dependence of
the diffusion coefficient, which leads to front instability, just as in the Kitsunezaki model.
The fact that Db also depends on s prevents bacteria inside the colony from moving—and
closing the dips created by the instability. In this way, branches are created without a need
for a death term.

The main aim of this paper is to solve mathematical model of a ‘reaction-diffusion model
of fractional-orders for chemotactic model of bacteria colonies:

∂αb

∂tα
= ∇ · (Db(b, s)∇b) − ∇ · (bχ(s)∇s) + g(s)b

(1.2)
∂αs

∂tα
= Ds�s − g(s)b
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We implemented the Adomian decomposition method (ADM) [35, 36] to this model
subject to the initial conditions

b(x,0) = b0(x)
(1.3)

s(x,0) = v0

where v0 is arbitrary constant. In this paper we present a solution of a more general model of
fractional reaction-diffusion (FRD) systems (1.2). The system is obtained from the standard
diffusion-reaction systems (1.1) by replacing the first time derivative term by a fractional
derivative of order.

The concept of fractional or non-integer order derivation and integration can be traced
back to the genesis of integer order calculus itself [37]. Almost most of the mathematical
theory applicable to the study of non-integer order calculus was developed through the end
of 19th century. However it is in the past hundred years that the most intriguing leaps in
engineering and scientific application have been found. The calculation technique has in
some cases had to change to meet the requirement of physical reality. The use of fractional
differentiation for the mathematical modeling of real world physical problems has been
widespread in recent years, e.g. the modeling of earthquake, the fluid dynamic traffic model
with fractional derivatives, measurement of viscoelastic material properties, etc.

The reason of using fractional order differential equations (FOD) is that FOD are nat-
urally related to systems with memory which exists in most biological systems. Also they
are closely related to fractals which are abundant in biological systems. The results derived
of the fractional system (1.2) are of a more general nature. Respectively, solutions to the
fractional diffusion equation spread at a faster rate than the classical diffusion equation, and
may exhibit asymmetry. However, the fundamental solutions of these equations still exhibit
useful scaling properties that make them attractive for applications.

The derivatives are understood in the Caputo sense. The general response expression
contains a parameter describing the order of the fractional derivative that can be varied to
obtain various responses.

The Adomian’s decomposition method will be applied for computing solutions to the
systems of fractional partial differential equations considered in this paper. This method
has been used to obtain approximate solutions of a large class of linear or nonlinear differ-
ential equations. It is also quite straightforward to write computer codes in any symbolic
languages. The method provides solutions in the form of power series with easily computed
terms. It has many advantages over the classical techniques mainly; it provides efficient
numerical solutions with high accuracy, minimal calculations.

Cherruault [38] proposed a new definition of the method and he then insisted that it will
become possible to prove the convergence of the decomposition method. Cherruault and
Adomian [39] proposed anew convergence series. A new approach of the decomposition
method was obtained in a more natural way than was given in the classical presentation
[40].

Recently, the application of the method is extended for fractional differential equations
[41–44].

2 Fractional Calculus

There are several approaches to the generalization of the notion of differentiation to frac-
tional orders e.g. Riemann–Liouville, Grünwald–Letnikow, Caputo and Generalized Func-



800 S.Z. Rida et al.

tions approach [45]. Riemann–Liouville fractional derivative is mostly used by mathemati-
cians but this approach is not suitable for real world physical problems since it requires
the definition of fractional order initial conditions, which have no physically meaningful
explanation yet. Caputo introduced an alternative definition, which has the advantage of
defining integer order initial conditions for fractional order differential equations [45]. Un-
like the Riemann–Liouville approach, which derives its definition from repeated integration,
the Grünwald–Letnikow formulation approaches the problem from the derivative side. This
approach is mostly used in numerical algorithms.

Here, we mention the basic definitions of the Caputo fractional-order integration and
differentiation, which are used in the up coming paper and play the most important role in
the theory of differential and integral equation of fractional order.

The main advantages of Caputo’s approach are the initial conditions for fractional differ-
ential equations with Caputo derivatives take on the same form as for integer order differen-
tial equations.

Definition 2.1 The fractional derivative of f (x) in the Caputo sense is defined as:

Dαf (x) = Im−αDmf (x) = 1

�(m − α)

∫ x

0
(x − t)m−α+1f (m)(t) dt

for m − 1 < α ≤ m, m ∈ N , x > 0.
For the Caputo derivative we have DαC = 0, C is constant

Dαtn =
{

0 (n ≤ α − 1)

�(n+1)

�(n−α+1)
tn−α (n > α − 1)

}

Definition 2.2 For m to be the smallest integer that exceeds α, the Caputo fractional deriv-
atives of order α > 0 is defined as

Dαu(x, t) = ∂αu(x, t)

∂tα
=

{
1

�(m−α)

∫ t

0 (t − τ)m−α+1 ∂mu(x,τ )

∂τm dτ for m − 1 < α < m

∂mu(x,t)

∂tm
for α = m ∈ N

}

3 Analysis of the Method

To give the approximate solution of nonlinear fractional-order differential equations by
means of the ADM, we write the systems in the form

Dα1u1(x, y, t) = N1(u1, u2, . . . , um) + f1(x, y, t)

Dα2u2(x, y, t) = N2(u1, u2, . . . , um) + f2(x, y, t)

... (3.1)

...

Dαmum(x, y, t) = Nm(u1, u2, . . . , um) + fm(x, y, t)

where Dαi (i = 1,2, . . . ,m) are the fractional operators, and N1,N2, . . . ,Nm are nonlinear
operators.
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Applying the inverse operators Iα1 , I α2 , . . . , I αM to the systems (3.1)

u1(x, y, t) = Iα1
(
N1(u1, u2, . . . , um) + f1(x, y, t)

)
u2(x, y, t) = Iα2

(
N2(u1, u2, . . . , um) + f2(x, y, t)

)
(3.2)

...

um(x, y, t) = IαM
(
Nm(u1, u2, . . . , um) + fm(x, y, t)

)

Subject to the initial conditions

ui(x, y,0) = gi(x, y) (i = 1,2, . . . ,m) (3.3)

The Adomian decomposition method suggests that the linear terms ui(x, t) are decomposed
by an infinite series of components

ui(x, y, t) =
∞∑

n=0

ui,n(x, y, t) (i = 1,2, . . . ,m) (3.4)

and the nonlinear operators are defined by the infinite series of the so called Adomian poly-
nomials

Ni =
∞∑

n=0

Ai,n (3.5)

where ui,n(x, t); n ≥ 0 are the components of ui(x, t), that will be elegantly determined, and
Ai,n; n ≥ 0 are Adomian’s polynomials that can be generated for all forms of non-linearity
[46]. Substituting (3.4) and (3.5) into (3.2) gives

∞∑
n=0

u1,n(x, y, t) = g1(x, y) + Iα1

( ∞∑
n=0

A1,n + f1(x, y, t)

)

∞∑
n=0

u2,n(x, y, t) = g2(x, y) + Iα2

( ∞∑
n=0

A2,n + f2(x, y, t)

)

... (3.6)

...

∞∑
n=0

um,n(x, y, t) = gm(x, y) + Iαm

( ∞∑
m=0

Am,n + fm(x, y, t)

)

Following Adomian analysis, the nonlinear system (3.1) is transformed into a set of recursive
relations given by

ui,0(x, y, t) = gi(x, y),
(3.7)

ui,n+1(x, y, t) = Iα
(
Ai,n + fi(x, y, t)

)
n ≥ 0 (i = 1,2, . . . ,m)

It is an essential feature of the decomposition method that the zeroth components
ui,0(x, y, t) are defined always by all terms that arise from initial data and from integrat-
ing the inhomogeneous terms. The remaining pairs (ui,n, n ≥ 1) can be easily determined in
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a parallel manner. Additional pairs for the decomposition series normally account for higher
accuracy. Have been determined the components of ui(x, y, t), the solutions of the system
follow immediately in the form of a power series expansion upon using (3.4). The series
obtained can be summed up in many cases to give a closed form solution for concrete prob-
lems, the n term approximants can be used for numerical purposes. Comparing the scheme
presented above with existing techniques such as characteristics method and Riemann in-
variants, it is clear that the decomposition method introduces a fundamental qualitative dif-
ference in approach, because no assumptions are made. The approach is straightforward and
the rapid convergence is guaranteed. To give a clear overview of the content of this work,
several illustrative examples have been selected to demonstrate the efficiency of the method.

4 Linear Stability Analysis of Deterministic System

In this section, we consider the linear stability of the deterministic system:

∂αb

∂tα
= ∇ · (Dbf (b, s)∇b

) − ∇ · (bχ(s)∇s
) + g(b, s)

(4.1)
∂αs

∂tα
= Ds∇2s − g(b, s)

where Db , Ds are the diffusion coefficients describing the bacterial movement and nutrient,
and 0 < α ≤ 1, Db �= Ds > 0.

4.1 Proposition

The necessary and sufficient conditions for the presence of fractional order Turing instability
of the system (4.1) are:

(i) Under the existence of diffusion, and Chemotaxis the system is unstable.
(ii) The system without diffusion and Chemotaxis is asymptotically stable.

Proof Let b = b∗ + eikx b̃, s = s∗ + eikx s̃, into (4.1) and neglecting terms O(b̃2) and O(s̃2),
we obtain

∂αb̃

∂tα
= (

g∗
b − k2Dbf

∗)b̃ + (
g∗

s + k2b∗χ∗)s̃
∂αs̃

∂tα
= (−g∗

b

)
s̃ + (−k2Ds − g∗

s

)
s̃

where g∗ = g(b∗, s∗) = 0, g∗
b = gb(b

∗, s∗), f ∗ = f (b∗, s∗), χ∗ = χ(s∗).
We obtain the systems

Dαw̃ = Ãw

where

w̃ =
(

b̃

s̃

)
, A =

(
g∗

b − k2Dbf
∗ g∗

s + k2b∗χ∗
−g∗

b −k2Ds − g∗
s

)
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To get the eigenvalues form the equation

|A − λI | = 0

then, we obtain

λ2 − Tr(A)λ + Det(A) = 0 (4.2)

where

Tr(A) = g∗
b − g∗

s − k2
(
Dbf

∗ + Ds

)
Det(A) = k4DbDsf

∗ + k2
(
Dbf

∗g∗
s + b∗χ∗ − Dsg

∗
b

)

and each (·)∗ is calculated at the steady states b∗ and s∗.
From the standard Turing Instability theory, in order to form the nonuniform spatiotem-

poral pattern, the following conditions are required:

(i) Under the existence of diffusion and chemotaxis, the system is unstable.
(ii) The system without diffusion and chemotaxis is asymptotically stable.

To prove (i) According to Descarte’s rule of signs it follows that (4.2) has two positive roots
or it has two imaginary roots with positive real parts.

Under this rule, we solve (4.2) we find that it has two imaginary roots with positive real
parts, and then the roots are

λ = Tr(A) ± i
√

4 Det(A) − (Tr(A))2

2

If we use the results | arg(λ)| < απ
2 then, the system is unstable when

∣∣∣∣tan−1

√
4 Det(A) − (Tr(A))2

Tr(A)

∣∣∣∣ <
απ

2
, Tr(A) > 0, 4 Det(A) >

(
Tr(A)

)2

To prove (ii) Let Db = Ds = 0 then Det(A) = 0—the eigenvalues form the equation
|A − λI | = 0.

Then, we obtain λ2 − Tr(A)λ = 0 ⇒ λ(λ − Tr(A)) = 0, λ0 = 0, λ1 = Tr(A) = g∗
b − g∗

s .
Then the system is stable when Tr(A) < 0, i.e.

Tr(A) = g∗
b − g∗

s = s∗ − b∗ < 0 where g(b∗, s∗) = b∗s∗

Then the system is stable when s∗ < b∗. �

5 Applications and Numerical Results

In order to illustrate the advantages and the accuracy of the ADM for solving nonlinear
fractional chemotactic model of bacteria colonies, we consider time-fractional chemotactic
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model of bacteria colonies (1.1) in two dimensions with

Db(b, s) = Dbs, g(s) = k
s

1 + s
, χ(s) = νs

As

∂αb

∂tα
= D

(
∂

∂x

(
bs

∂b

∂x

)
+ ∂

∂y

(
bs

∂b

∂y

))
− v

(
∂

∂x

(
bs

∂s

∂x

)
+ ∂

∂y

(
bs

∂s

∂y

))
+ k

bs

1 + s
(5.1)

∂αs

∂tα
= Ds

(
∂2s

∂x2
+ ∂2s

∂y2

)
− k

bs

1 + s

The coefficient of linear diffusion for bacterial cells D and the chemotaxis coefficient v were
regarded as free parameters and varied in numerical results with the model. Note that D is
inversely related to the density of bacterial cells (the denser the bacterial medium, the slower
the diffusion), whereas v directly controls the magnitude of their chemotactic response, k is
an arbitrary constant.

Applying the inverse operators Iα to the system (5.1)

b(x, y, t) = Iα

(
D

(
∂

∂x

(
bs

∂b

∂x

)
+ ∂

∂y

(
bs

∂b

∂y

))

− v

(
∂

∂x

(
bs

∂s

∂x

)
+ ∂

∂y

(
bs

∂s

∂y

))
+ k

bs

1 + s

)
(5.2)

s(x, y, t) = Iα

(
Ds

(
∂2s

∂x2
+ ∂2s

∂y2

)
− k

bs

1 + s

)

subject to the initial conditions [30]

b(x, y,0) = a0 exp

(
−x2 + y2

a

)

(5.3)
s(x, y,0) = v0

where v0, a, a0 are constants. The Adomian’s decomposition method suggests that the linear
terms b(x, y, t), and s(x, y, t) are decomposed by an infinite series of components

b(x, y, t) =
∞∑

n=0

bn(x, y, t)

(5.4)

s(x, y, t) =
∞∑

n=0

sn(x, y, t)

Substituting (5.4) into (5.2) gives

∞∑
n=0

bn(x, y, t) = b0(x, y) + Iα

{
D

(
∂

∂x

∞∑
n=0

An + ∂

∂y

∞∑
n=0

Bn

)

− v

(
∂

∂x

∞∑
n=0

Cn + ∂

∂y

∞∑
n=0

Dn

)
+ k

∞∑
n=0

En

}
(5.5)
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∞∑
n=0

sn(x, y, t)

= s0(x, y) + Iα

{
Ds

(
∂2

∂x2

( ∞∑
n=0

sn(x, t)

)
+ ∂2

∂y2

( ∞∑
n=0

sn(x, t)

)
− k

∞∑
n=0

En

)}
(5.6)

and the nonlinear operator is defined by the infinite series of the so called Adomian’s poly-
nomials

bbxs =
∞∑

n=0

An

bbys =
∞∑

n=0

Bn

bssx =
∞∑

n=0

Cn

bssy =
∞∑

n=0

Dn

bs

1 + s
=

∞∑
n=0

En

where bn(x, y, t), and sn(x, y, t); n ≥ 0 are the components of b(x, y, t), and s(x, y, t) that
will be elegantly determined.

Following Adomian analysis, the nonlinear system (5.1) is transformed into a set of re-
cursive relations given by

b0(x, y, t) = b0(x, y)
(5.7)

bn+1(x, y, t) = Iα

(
D

(
∂

∂x
An + ∂

∂y
Bn

)
− v

(
∂

∂x
Cn + ∂

∂y
Dn

)
+ kEn

)
, n ≥ 0

and

s0(x, t) = v0
(5.8)

sn+1(x, t) = Iα

(
Ds

(
∂2

∂x2
(sn) + ∂2

∂y2
(sn)

)
− kEn

)
, n ≥ 0

where An, Bn, Cn, Dn, En are the Adomian’s polynomial calculated for all forms of nonlin-
earity according to specific algorithms constructed by Adomian as

A0 = s0b0(b0)x

A1 = (s0b1 + s1b0)(b0)x + s0b0(b1)x (5.9)

A2 = (s1b1 + s0b2 + s2b0)(b0)x + (s1b0 + s0b1)(b1)x + s0b0(b2)x
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and

B0 = s0b0(b0)y

B1 = (s0b1 + s1b0)(b0)y + s0b0(b1)y (5.10)

B2 = (s1b1 + s0b2 + s2b0)(b0)y + (s1b0 + s0b1)(b1)y + s0b0(b2)y

and

C0 = s0b0(s0)x

C1 = (s0b1 + s1b0)(s0)x + s0b0(s1)x (5.11)

C2 = (s1b1 + s0b2 + s2b0)(s0)x + (s1b0 + s0b1)(s1)x + s0b0(s2)x

and

D0 = s0b0(s0)y

D1 = (s0b1 + s1b0)(s0)y + s0b0(s1)y (5.12)

D2 = (s1b1 + s0b2 + s2b0)(s0)y + (s1b0 + s0b1)(s1)y + s0b0(s2)y

and

E0 = b0s0

1 + s0

E1 = b1s0

1 + s0
+ b0s1

(1 + s0)2
(5.13)

E2 = b2s0

1 + s0
+ b0s2 + b1s1

(1 + s0)2
− b0s

2
1

(1 + s0)3

By using ((5.7)–(5.13)), we could be able to calculate some of the terms of the decomposi-
tion series (5.4) as:

b0(x, y, t) = a0e
− x2+y2

a

b1 =
(

2a2
0v0D

a2
(4x2 + 4y2 − 2a)e− 2

a (x2+y2) + ka0v0

1 + v0
e− 1

a (x2+y2)

)
tα

�(α + 1)

b2 = a0v0

a4(1 + v0)3
e− 3

a (x2+y2)
(
a4k2v0(1 + v0)e

2
a (x2+y2)

− a2a0k
(
a2k + 4a(3D + v)v0(1 + v0)

2 − 8(3D + v)v0(1 + v0)
2(x2 + y2)

)
e

1
a (x2+y2)

+ 4a2
0D(1 + v0)

2
(
a3k − 108aDv0(1 + v0)(x

2 + y2) + 72Dv0(1 + v0)(x
2 + y2)2

)

+ a2
(
20Dv0(1 + v0) − 3k(x2 + y2)

) t2α

�(2α + 1)

and

s0 = v0

s1 =
(−ka0v0

1 + v0
e− 1

a (x2+y2)

)
tα

�(α + 1)
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Fig. 1 Spatial density distribution of bacterial cells (Aslanidi et al. results) for various values of diffusion
and chemotaxis coefficients D and v: (a) D = 0.1, v = 2.0; (b) D = 0.1, v = 10.0; (c) D = 0.5, v = 2.0; and
(d) D = 0.5; v = 10.0

s2 = − a0kv0

a2(1 + v0)3
e− 2

a (x2+y2)
(
(1 + v0)

(
a2kv0 − 4aDs(1 + v0)

+ 4Ds(1 + v0)(x
2 + y2)

)
e

1
a (x2+y2) + a0

(
8Dv0(1 + v0)

2(x2 + y2)2

− 4aDv0(1 + v0)
2 − a2k

) t2α

�(2α + 1)

and so on, substituting b0, b1, b2, . . . , and s0, s1, s2, . . . into (5.4) gives the solution b(x, y, t)

and s(x, y, t) in a series form by:

b(x, y, t) = b0 + b1 + b2 + · · ·
(5.14)

s(x, y, t) = s0 + s1 + s2 + · · ·
See Figs. 1, 2, and Tables 1–3.

6 Discussion and Comment

We employ the Adomian’s decomposition method form as a reasonable basis for study-
ing the solution of chemotactic model of bacteria colonies. Simulation results are shown in
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Fig. 2 The movement of bacteria cells, black color corresponds to high cell density. Parameters used in
simulations at α → 1: (a) D = 0.1, v = 2.0; (b) D = 0.1, v = 10.0; (c) D = 0.5, v = 2.0; and (d) D = 0.5;
v = 10.0, t = 220

Table 1 The numerical results at α = 1, a = 6.25, a0 = 0.5, Ds = 1, k = 0.1, v0 = 1.5, t = 0.1

x y

0 1 2 3 4

0 4.914878E–01 4.226908E–01 2.660811E–01 1.204758E–01 3.919018E–02

1 4.226908E–01 3.628342E–01 2.274326E–01 1.026634E–01 3.337429E–02

2 2.660811E–01 2.274326E–01 1.413318E–01 6.345265E–02 2.061468E–02

3 1.204758E–01 1.026634E–01 6.345265E–02 2.842199E–02 9.241864E–03

4 3.919018E–02 3.337429E–02 2.061468E–02 9.241864E–03 3.010047E–03

Fig. 2. Figure 2 are time evolution of the bacteria density b(x, y, t). In Fig. 2, value of the
population density b(x, y, t) is shown as the gradations of black to white, for example, the
region with black color denotes the high-density population one. With fixed value of chemo-
taxis v, we can see that a high-density bacterial spreads out to the center of the region. After
that, the high-density ring appears on the first stage and concentric high density bacterial
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Table 2 The numerical results at α = 0.99

x y

0 1 2 3 4

0 4.91272E–01 4.22597E–01 2.66145E–01 1.20533E–01 3.92054E–02

1 4.22597E–01 3.62822E–01 2.27508E–01 1.02712E–01 3.33867E–02

2 2.66145E–01 2.27508E–01 1.41397E–01 6.34807E–02 2.06213E–02

3 1.20533E–01 1.02712E–01 6.34807E–02 2.84320E–02 9.24422E–03

4 3.92054E–02 3.33867E–02 2.06213E–02 9.24422E–03 3.01066E–03

Table 3 The numerical results at α = 0.95

x y

0 1 2 3 4

0 4.90367E–01 4.22198E–01 2.66415E–01 1.20776E–01 3.92706E–02

1 4.22198E–01 3.62767E–01 2.27826E–01 1.02920E–01 3.34396E–02

2 2.66415E–01 2.27826E–01 1.41675E–01 6.36008E–02 2.06494E–02

3 1.20776E–01 1.02920E–01 6.36008E–02 2.84749E–02 9.25427E–03

4 3.92706E–02 3.34396E–02 2.06494E–02 9.25427E–03 3.01328E–03

colonies are formed as shown in Fig. 2(a)–(d) which is very similar to the experimental
result in Fig. 1.

On the other hand with fixed value of D (Fig. 2), the process at the first stage is similar
to the second case (Fig. 2(a)–(d)). We observed that, with fixed D values and increased v

values; the population is more active than fixed v and increase D. In Tables 1–3, numeri-
cal results shows that when the order of the fractional derivative decreases, the density of
bacteria decreases. These results shows that the bacteria growth depends not only by the
chemotaxis coefficient v and coefficient of linear diffusion for bacterial D, but also contin-
uously depends on the fractional derivative.

Finally, the decomposition method introduces a significant improvement in this field over
existing techniques. The corresponding numerical solutions are obtained according to the
recurrence relation using Mathematica.
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